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Properties of lossy communication nets are studied in this paper, 
Optimum flows in general and special lossy nets are discussed, Methods 
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I, LOSSY COMMUNICATION NETS 


A communication net is a system composed of stiations and interconnecting 
transmission channels, It can be conveniently represented by a linear 
graph, The analysis of commmication nets often employ the techniques 
developed in graph theory. In this paper certain selected terms will be 
defined, However, the definitions of basic termimology will not be re- 
peated here as they can be found in standard texthlsoks in graph theory [5]. 

Communication flows in a net have been investigated by many authors 
Pay 103}. In the conventional model of the net, the flow through the 
net in a channel is limited by its channel capacity, The flow is con- 
served at the stations and suffers no loss during transmission, There 
are many flow problems for which the conventional model is inadequate, 
For example, in many practical nets, the flow suffers losses during 
transmission due to leakages and damages, 

This paper deals with commmication nets with llosses, These nets 
are called "lossy communication nets," or in short, “lossy nets," which 
are described by Mayeda [5] as follows: 

A model of a communication net can be represemted by an associated 
oriented graph in which two weights, capacity and efficiency, are given 
to each edge, Thus, if flow g enters an edge which is less than or 
equal to the capacity of the edge and whose orientation agrees with the 
orientation of the edge, then the flow that leaves the edge is a¥ where 
a is the efficiency, and the loss of flow is (1-x)%. An example of 


flows in a lossy net is illustrated in Np bc allay 
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Fig, 1, A lossy communication net 

This net is a directed connected graph. There are two specific nodes 
in this net: node A with plus sign is the source and node ¢C with 
minus sign is the sink [3]. Associated with each edge are two posi- 
tive numbers, They are the capacity and the efficiency of the edge, 
For example, in Fig, 1 the capacity of edge AB is 4 and the efficiency 
is 0.8, The outgoing flow from node A in branch AB, where the arrow 
indicates the direction of the branch or edge, cannot exceed the 
capacity 4 and is actually 4 in Fig, 1. ‘The incoming flow to node B 
is 3.2 which is the or iieencs multiplied by the outgoing flow from 
node iN. 

Notice that the conservation law mist hold at every node except 
for the source and the sink, For instance, at the intermediate node D 
the total outgoing flow and the total incoming flow are both equal to 
4.5. Since the flow from node A to node B is equal to the capacity, 
edge AB is said to be saturated, The flow from node A to node C along 


the edge AC is equal to zero, thus edge AC is said to be void. 





II, PROPERTIES OF LOSSY COMMUNICATION WETS 


In this section properties of lossy nets will be discussed, A 


number of definitions will first be given, This iss followed by several 


theorems which may be applied in the analysis of the various types of 


nets. 


A, SEMICUTS 


Consider the cutset S = (g,h,i) in the oriemted net G shown in 


Wigs <. 


Definition 1, Let By and Bo be the separated subnets obtained from G 


by deleting all edges in S, then 61 and Go are called the corresponding 


subnets of 5S, Let vertex i be in By and vertex j in Gor then the cut- 


set is said to separate verties 1 and j. The symball 3, . is used to 


represent such a cutset. 


oe 
a 





Fig. 2. Illustration for Definition L 
Definition 2, 


Let S54 be a cutset and Sy and Bo be the corresponding 


subnets of S where vertex ifg, and vertex HEos then Ss is a subset of 


Si such that 





e137 }o(u,V) | BES, 5 UES, veg, | 


where b(U,V) is an edge connected from vertex U to vertex V, Similarly, 


s., is a subnet of S,. such that 
eee ij 
S54 =§ v(u,v) Low veg, , Ueg. | 
S45 and. ai are called semicuts of Pass 
Notice that 85;U S44 = S55 and 855 (\ B44 = 0 
For example, in Fig. 2, S337 (g,i) and S35 = (h) 


Definition 3. v[s (c ) | indicates the values of semicuts defined 


- 


as V [ st c) ] =} C , where G_ is the capacity of edges db. 
b és t a 


We next discuss the method of assigning flow & to a net. Let 

P= \ by sore. “def be a directed path in a lossy net from vertex i to 
vertex j. We assign flow ay?) to by ( p=l,2,...;k) as follows 

b Age) 

B (by) = WYP, B (dy) =o gH (by)s ceveees B (OL) BO 9) 
Under the condition that. 
a(b,) < 6-2, (b,) for wel 2, ... a 

where c is the capacity of edge Wer is the efficiency of edge ae 
and Z(b,) is the flow which had been assigned to edge dy previously, 
Let Pas Poreees P. be all the possible directed paths from vertex i to 


vertex j in net G, then We can assign flow (Fi), a2), ..., g (Pk) 


to Pir Poreces P. respectively, such that the total flow 


k 
p., = 5 g(PP) 
a p=1 to 
broken into flows g(Pi) g(F2) 
13 a 


Phe Poreces P. respectively, 


- it is clear that any flow & 5 assigned to net G can be 


i 
gp (Pk) Which are assigned to 


1) 
For convenience, we say that assigning flow qs; to net G means that 


kop 
we are assigning flow ulFp) | where g(Pp) =,., to directed paths 
J p=1 iJ ij 





_ ——_ a SN ee 


P, which are from vertex i to vertex 4 in net G, 


ia Poreees k 


Depending on the values of ofl), ar eee (Fx) the*total flow 


k | 
G.. = 2 g(Pp) will be different, However, for aziy given G@ which con- 
ij p= 13 


sists of finite number of edges with finite capacity for each edge, 


there will exist a largest total flow, Bey which is finite, 


Example 1, Consider the lossy communication net & of Fig. 3a. The 
first number in the parentheses of each edge is the capacity, the 
second is the efficiency of the edge, and the las% is the total flow 


om entering the edge from the previous assignment of flows, Hence, 
initially a = 0 for all edges, One way of assigzriing the flow, 


65.. = 10, from i to j in the net G is as follow: first, we assign a 


a3 


flow of) = G(a) = 4 to the path P) = (a,b,c), the flow 5(b) through 


if 


the edge b is equal to a. 8(2) = .5x44 = 2, and the flow S(c) through 


1.6, All the values of i(a), 


the edge c is equal to ct, (b) =,6 X 2 


U(b), and &(c) are shown in Fig, 3b. Notice that B (a) of edge a 


becomes 4, @ (b) of edge b becomes 2 and 8 (ce) of edge c becomes 1,6, 
Now we assign a second flow a(P2) = G(a) = 6 to the path Py = Cag 
the flow @(d) through the edge d is equal to a B(a) =25x 6 = 3, 
and the flow S(e) through the edge e is equal to % ,0(d) = .7x3= 2,1 


as shown in Fig, 3c, The total flow @,. from node i tonode j 


i) 
(P, ) ep) i 
becomes a+ 4: ae =) + 6 = 10, 
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Fig. 3. Illustration for Example 1 


B, BASIC SATURATED CUTSETS 


Definition 4, An edge i is said to be saturated if the flow (i) 


assigned to the edge is equal to the capacity of the edge. 


For example, in the Fig, 3c, edge a is saturated, and edge d 


is not saturated, 


THEOREM 1, Let G be a lossy communication net. Suppose that flow 


are from vertex i to vertex j has been assigned to G. 


10 





If there is no cut set P55 such that 


% G(b,) = vL 8, .(c) ] 
b &s, . J 
5 aaa og 
then there exists a direct path from i to j sweh that an additional 
flown @>0from i to j can be assigned, 
PROOF: Let G' be a net obtained from G by deleting every 
saturated edge, Since there exists no cut set Bs such that 


DS &(b,, ) = V Ls, .(c)] , G’ contains a subnet in which there 


b Aare 


exists at least one direct path P= ( bys Doreers b,) fron wacom 


Hence, we can assign nonzero flow & to G where 





CoB (dp) py (O,) 

B<min {c,-@ (b,) eee a 
om T & 

n=} 


B(b,,) is the flow which has been assigned to edge b, in G. 


Definition 5. Cut set a is said to be a saturated cut set under 


the assignment of flow ae to G@ if 
y B(b,. ) ST s, .(c) ] 
J 
b. €s 
13 


Notice that if there exists no saturated cut set S$ under the 


ij 
assignment of a flow Bs to G, it is then possible to assign addi- 


tonal flow =O?. to G, 
Lj 


Definition 6, Cut set S55 is said to be a basic saturated cut set 
under the assignment of a flow ae to G if shi is a saturated 


cut set and satisfies Zab .) a 


tC 
BSS 55 


aE 





where eG and at are the pair of semicuts of Pa: 


Example 2, Consider a lossy communication net G in Fig, 4a, Let 


S be directed paths from i to j. If we assign 


1 Pos and P 


3 


Ds = 10 to Py as shown in Fig. 4b, we have saturated cutset which 








Saturated 
cutset 


basic saturated 
cutset 


Fig, 4, Illustration for Example 2 


1 





consists of saturated edges a, b, and c. However, this cut set is 


not a basic saturated cut set because &3(b) a O. By assigning 


il 


1 Oz tO P, we 


oF = 4 toP, o(2) = 6 toP,, and a{F3) 
have the result show in Fig. 4c, This example shows that we have a 
saturated cut set consisting of edges c and d which also 
constitute a basic saturated cut set, 

THEOREM 2, For a lossy communication net G, there exists at 
least one flow ane assigned to G such that there exists at least 
one basic saturated cut set S53 in G with this flow, 


The proof of this theorem has been given by Mayeda [5], 


13 





III. OPTIMUM FLOWS IN A COMMUNICATION NET 


A, GENERAL CASES 
Definition 7. <A maximum flow Rs from i to j which can be 
assigned to a net G in order to receive the maximum flow at j is 


called a source terminal capacity symbolized by Ley The maximum flow 


which will be received at vertex 3 when @ is assigned to G@ is 


a9 
called sink terminal capacity symbolized by ba 3 

The following two theorems are taken from reference | 6], 

THEOREM 3. If and only if there exists a basic saturated cut set 
which separates i and jj, the flow aS 5 assigned to an oriented net 


is maximum, 


THEOREM 4, Terminal capacity ty is equal to 


ty nin 5 [ ae Its 
senicut S45 of Saft 4 € 855% 5 


Example 3, From the oriented net G in Fig, 5, 24 consists of 


the following cut sets which separate i and js 


rat pars A Q 


~ 
X ~ ie 


Fig, 5. Cut sets for Example 3 
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Sa3 = (a,e) S55 = (a,b,c) S55 = (d,c) Sia 3 = (e,b,d) 


The semicuts 5s of these cut sets ares 


ply 


$4357 (a,e) S943 7 (a,c) S355 7 (d,c) S33 7 (e,b,d) 


and by definition 3 


V (3455) =10+4=14 
V (So5 5) =10+4 = 14 
V (S35 5) = 2+h= 6 
V (84,55) = N+ St2 = 11 
tas = min iV (s.a5) § = min 14.,14,6,11 { = 6 


Definition 8. For a fixed receiving flow value, a flow 3 is said to be 
optimum if its sending flow value is minimun, 
iffa tilow g, with the sending flow value + and the receiving 
flow value t is already assigned to the net N and if an increment 
& with sending flow value € > 0 is assigned to a flow return 


sequence q, then the resultant flow 3, = gy + A has the same re= 


1 
celving flow value +t as flow @, and that the sending flow value of 


= 


a is increased by the amount €-€', where €' is the amount of flow 
returned to the orreen 

Let F be the set of forward edges in the flow return sequence, and 
let B be the set of backward edges in the flow sequence, Then €* is 
expressed as the product of € and the efficiency factor product Xq 
of the flow return sequence q, that is €' =€ xq _ where the 


efficiency factor product of the flow return sequence is 


a = Ty a, * TF ite 
q en aa 
e CF e a. 


15 





Note that if the efficiency factor product = of a flow return 
sequence q is greater than unity, then the resultant sending flow 
value 

mo =t+e-¢* = t+ (1-a,) € 
is less than t. 

Notice that to have the same receiving flow value t , it is 
possible that the sending flow value t' can be less than +, In this 
case the flow is not optimum, This leads to hemiene theorem, 

THEOREM 5, <A flow is optimum if and only if there is no flow 
return sequence with respect to the source whose efficiency factor 
product is greater than unity. 

Note that if the net N has uniform edge efficiency, Gom en & <2 


for any m and n, then 


mig 1 m=n 
GO =a x “GH 





where m is the number of forward edges and n is the number of back- 
ward edges. If n>m applies i 
Example 4, Consider the net N with uniform edge capacity as shown 


in Fig. 6, 





Fig. 6, Net with uniform edge capacity 
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If all the edge capacities are equal to 10, then the semicuts s 


pij 
are S),, = (a,e); S94 (akc), S353 > (dine), Siy3 = (e,b,d), and 
V (8455) =10+10 = 20 
V (So, 5) =10+10 = 20 
V (Sa 5) =10+10 = 20 
V (Sy, 5) = 10+10+10 = 30 


ty, = min § vL S43 1 min (20,20,20,30) = 20 
In this example the semicut 5143 has only two edges, if n is the 


smallest number of edges of the semicut Seige then the source terminal 


capacity ta is equal to n times the edge capacity. 


B, SPECIAL CASES, 

Consider a flow & from a node called source i to another node 
called sink j. The flow in the communication net N is a non- 
negative real function of two variables, edge and node, such that the 
following conditions are satisfieds 


(a) If e is an edge connected from node x to node y, thens 


O < &(e,x) < G, 


B(e,y) = O, B(e,x) 
onerel C, is the capacity of edge e; ast is the efficiency of 
edge e; OS(e,x) and Gf(e,y) are the amounts of flow passing through 
edge e at node x and at node y respectively. 
(>) Flow is conserved at the internal nodes 


x Ble,,x) - 


e.€ 


B(e.,x) = O 
A J 
5 nS 2 


? 
e .€B 
ce: 
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Where A, is the set of edges issuing from node x and B.. is the 


set of edges entering into node x, 


(c) The sending and receiving flow value +t and + , respectively 


are non-negative; 


t+ = © B(e,i) - Z Ble ,i) > 0 
n Mm _ 
a. cA e €B 
rae ‘Una, 
tas = Ble,j) - 2 Be ,3) > 0 
e €B, cA 
me eg 


vyhere nodes i and j are the source and the sink, respectively. 

1. Flow in one path 

Let all edges have the same capacity C, Ke obtain the 

following theoren, 

THEOREM 6. If there is only one path connected from node i to 
node j, then the maximum receiving flow ty, at node j is equal to 

nt] 
CG pul a, 

where a, is the efficiency of edge Css and n is the number of 
internal nodes, | 


PROOF: By the first part of condition (a), the maximum sending 


flow tas at node i is CG, and by the second part of condition (a), 
the maximum receiving flow a at node a is rene = 6 Cy 


Condition (b), which can be called the conservation condition, must 


hold at every node except for the source and the sink, 


e e e 
IL 2 im! 
Oar Omar > Org 


Fig. 7. Illustration for Theoren 6 
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For instance, at node 1 of Fig. 7, the incoming flow C cy is equal to 
the outgoing flow, The maximum receiving BM we at node 2 is C CL On « 


The maximum receiving flow 1p 5) at node j is equal to 


ntl 
C cytprereGiyy = OT Oy 


Example 5. In Fig. 8, there is one edge connected from node i to 


node Jj, and there is one cut set Bags The source terminal capacity 


ty = en VV (545) = min (10) = 10, 


The maximum receiving flow ae at node j is equal to (10)(.9)=9 


or 


\ 
\ cutset 


t 

j 

1 (c=10,a=,9) a 
pe Te 


a 
4 
/ 


4 
¢ 


Fig. 8. Net with one edge 
Example 6, In Fig, 9, there are two edges connected from i to j, 
Assume all edges have the same capacity C=10 and the same efficiency 


a= ,.9. In this case, 


ty = 10 and t,, = (10)(.9)(.9) = 8.1 
or 4 = 81h +; : 





lo (10,.9) 0 (10, 9) : oJ 


Fig, 9. Net with two edges 


Notice that the value of aS 


increases, If the number of edges is greater than three, then the 


decreases when the number of edges 


value of oa is less than 70 percent of tay: For example, if the 


number of edges is 4, then 


= YL 
ty, = (10)(.9)" = 6.561 
or Las = 65,61% ty P) 


2, Flow in n_ parallel paths 
Again, let all edges have the same capacity (¢C, 
THEOREM 7. If there are n paths in parallel connected from node 
i to node j, then the maximum receiving flow uae at node j is 


- 


equal to 
n 
Ca, Oo 


<=) + 


PROOH: Refer to Fig. 10, the maximum sending flow for path 1, 


(t5 5) path ic at node i is equal to C, and the maximum receiving flow, 


CO path jy» at node j is equal to Ca,. Since there are n paths 


connected from node i to node j, 
t,, = min 5 (5,5) § = nC 


and uF = ¢ G5 +C AoteeeeetC oe =C x a 


ll 


20 








Fig. 10, Illustration for Theoren 7 
Example 7. In Fig. 11, let all edges have the same capacity C=10 and 
efficiency a=.9. In this case ty = (10)(n), where n is the number 
of edges and ty = (n) (10)(.9) = 9n. Note that for any number of 
edges, the value of MAG is always equal to 90 percent of tat also 


4s; increases if any of the values of n, C, or @ increased, 





(10,.9) 


Fig. 11. Net with parallel paths 





3. Flow in p paths 


THEOREM 8. If there are p paths connected in parallel from node 


i tonode j, and if in each path there are many nodes, then the maxi- 


mim receiving flow 3 2 at node j is equal to 
nos m : Bs 1 
a pee SG PER acsoco Oa Cae 
4=1 j=1 k=1 P 


PROOF: For path 1 of the net in Fig. 12, Theorem 6 gives 


pal 
(ts sJnath 1 = © os od la 


Since there are p paths in parallel, by Theorem 7, 


n st 


i J 
eee = ¢ {| = CG i] O staetekanere st C 


=| 


Il 





Fig, 12, Illustration for Theorem 8 
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IV. APPLICATIONS 


A, SPECIAL NETS 


Example 8. Consider a net as shown in Fig, 15, 





Fig, 13. Dilustration for Example 8 


In this example, 


(ts oath age 7 (20-9)(.9) 


«= §,1 
(24 5) path 4j = (20)(.9) = 9 
tay a min 3 V (s,,){ = min (20,20) = 20 
i335 * 9+8.1 = 17,1 


or” ty = 85, 5% ts 
Example 9, The net of this example is shown in Fig, 14, 
(te spath 2 7 (10.9) = 9 


(, Josth 2 7 (20)(.9)(.9) = 8.2 


(45 5) path 3° (10)(.9)(.9)(.9) = 7.29 


23 








Fig, 14, Illustration for Example 9 


t,, = 30 = (3)(10) = 30 
or ty = 82,2% ts 5 - 


Example 10, The net of this example is shown in Fig, 15. In this 
example, path 2 has one internal node, path 3 has two internal nodes, 


and path 4 has three internal nodes, 


path 4 
Oo? OO 0 


ws Jigs Soe 3 
a path 2 a 
= ae i 


Fig. 15. Illustration for Example 10 
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+ = | 
Lag +0 


= 9+ 8.1 + 7.29 + 6,561 = 30,951 


4 j 
or ty, = 76% ty 
Notice that the value of ae decreases when the number of paens 
increases; and ye will be less than 70 percent of ts » if the 


number of paths is greater than 7. 


B, SYMMETRIC NETS 

Consider a symmetric net with source i and sink j, Suppose 
that the capacity is large enough to hold many flows at the same time, 
and all edges have the same capacity, In the net as shown in Fig, 16, 
assign a flow & from node i to node j, Thus, 


G = 2 + a, 


with the flow §S, following path 1 


i]. 
and the flow @ 


following path 2, 


Z 





{ 
Fig, 16, A symmetric net with two paths 
‘By theorem 8, the total receiving flow at node j is aX (9, + B,)s 


where @ is the capacity, 


£5 





Now consider the symmetric net with 4 paths as shown in Fig, 17. 





Fig, 17. A symmetric net with 4 paths 


The total receiving flow at node Jj is equal to 
by yd 
oO ee + G,) +a (0, + Dy) 
If the number of paths increases to 2n, where n is a positive 


integer, then the total receiving flow is equal to 


2n=-2 


an Ps ’ 
OL (2, + B,) +a (3, + o,) +...¢ 2 (B17 2o,) : 


Example 11. If the flows ®, and @, of Fig. 16 are both equal to 


then the receiving flow is equal to 


ls 
2 


Ct. 


Fig, 18, Illustration for Example 11 
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a” 5 = (.9)* B= .81 9, 
or 81 percent of the sending flow, 
Example 12, If the flows 5), Bp, D3. and on of Fig, 17 are all equal 


to _B , then the total receiving flow is 
iy 


a7 re a2 


ig 


o(s + 9) +a (op + B) =a 
hy by by ra 2 


4 


(9) @ + (.9)* a. 
v4 ¥s 


(.325 + 405) & 
= s7oL: 


-{{ 


or 73 percent of the sending flow, 


Fig, 19, Illustration for Example 12 
Notice that, if the number of paths in a symmetric net increases, 
then the receiving flow decreases, The receiving flow is less than 
70 percent of the sending flow if the number of paths is greater than 
4, 
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C,. GENERAL NETS 
Example 13. Consider the net as shown in Fig. 20, in which a flow & 
is from node i to node j so that 


G=-5, +, + & 


1 vd 


4- gy 


3 


where flow 3, follows path l 


1 


flow &. follows path 2 


2 


3 
flow B), follows path 4, 


flow 5. follows path 3 





Fig, 20, Illustration for Example aig: 
suppose that the capacities of all edges are large and all edges have 
the same efficiency. If we apply theorem 8 to path 1, path 2, path 3, 
and path 4 successively,.then the receiving flow at node j is equal 


to ie 3 i 
Sete re 4 py es 2, + & Bs 


If all the flows 3, %., 2, and 3, are equal to 2% #£and all the 
a’ 2's 3 4 aie 
capacities are equal to 0.9, then the total receiving flow is 
é | 3 uy 
1G! Meo) eo) tet (29) © 
7 2 2 D oo “he 
s .760, 


ee 





Example 14, Consider any communication net, such as the net in Fig. 21, 
If the capacities of all edges are large and if the efficiencies are 
Known, then we can apply theorem 8 to this net, In this example, since 


path 1, path 2, and path 3 have three internal nodes, path 4 has four 


internal nodes, the total receiving flow at node j is equal to 


Ly Ly 4, 5 
a o +a B+ 6 m, +o Qs 


1 





Fig, 21, A general net 
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V. CONCLUSION 


The characteristics of the source terminal capacity and the sink 
terminal capacity are difficult to determine because they depend on the 
efficiencies, capacities, and the structure of a communication net, 
Some of the characteristics are discussed in this paper together with 
examples, Methods for obtaining sink terminal capacities in some 
- special communication nets and the total receiving flow in a general 


net with equal edge capacities are presented, 
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